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Abstract

In this paper we study hard real-time systemscom-
posedof independentperiodicpreemptivetaskswhere we
assumethat tasksarescheduledbyusingLiu & Layland's
pioneeringmodel following the RateMonotonicAnaly-
sis (RMA). For such systems,the designermustguaran-
teethat all the deadlinesof all the tasksare met,other-
wisedramaticconsequencesoccur. Certainly, guarantee-
ing deadlinesis not alwaysachievablebecausethe pre-
emptionis approximatedwhenusing this analysis,and
this approximationmay lead to a wrong real-timeexe-
cutionwhereastheschedulabilityanalysisconcludedthat
the systemwas schedulable. To copewith this problem
thedesignerusuallyallowsmarginswhich are dif�cult to
assess,andthusin anycaseleadto a wasteof resources.
This papermakesmultiplecontributions. First, we show
that, whenconsideringthecostof thepreemptionduring
the analysis,the critical instantdoesnot occur uponsi-
multaneousreleaseof all tasks. Second,we provide a
techniquewhich countstheexactnumberof preemptions
of each instancefor all the tasksof a givensystem.Fi-
nally, wepresentan RMAextensionwhich takesinto ac-
counttheexactcostdueto preemptionin theschedulabil-
ity analysisrather than an approximation,thusyielding
a new andstronger schedulabilityconditionwhich elimi-
natesthewasteof resourcessincemarginsare not neces-
sary.

1 Intr oduction

This paperdealswith the problemof executinghard
real-timesystemsfound in the domainsof automobiles,
air traf�c control, processcontrol, telecommunications,
etc, on a single processor. Suchsystemsoften consist
of independentperiodicpreemptive tasksthat mustmeet
their deadlinesin order to avoid the occurrenceof dra-
maticconsequences[1, 2]. Certainly, guaranteeingdead-
lines cannotalways be achieved becausethe scheduling
of thetasksis basedon theassumptionthatthecostof the

preemptionis approximatedwithin theworstcaseexecu-
tion time (WCET) of tasks[3, 4, 5]. In fact, this approx-
imationmaybewrongbecauseit is dif�cult to countthe
exactnumberof preemptionsof eachinstancefor a given
taskeven thoughthecosta of onepreemptionis easyto
know for a given processor. Actually, this costa repre-
sentsthecontext switchingtime that theprocessorneeds
whena preemptionoccurs. The context switch includes
thestorageof thecontext aswell astherestorationof the
context. Sincewe areinterestedin embeddedsystemswe
only considerpredictableprocessorswithout a cacheor
complex internalarchitecture(e.g. ARM2, etc.) [6, 7].
Therefore,this approximationmay leadto a wrong real-
time executionwhereasthe schedulabilityanalysiscon-
cludedthatthesystemwasschedulable.To copewith this
problemthe designerusually allows margins which are
dif�cult to assess,andwhich in any caseleadto a waste
of resourcessincethe worst caseresponsetime is larger
thantheWCET whenan instanceof a taskhasbeenpre-
empted[8, 9]. Note that theworst-caseresponsetime of
a taskis the longesttime it takes,amongall instancesof
that task, to executeeachinstancefrom its releasetime
[10]. Therehave beenvery few studiesaddressingthis is-
sueof countingtheexactnumberof preemptions.Among
them,themostrelevantonesarethefollowing. A. Burns,
K. Tindell andA. Wellings in [11] presentedan analysis
thatenablestheglobalcostdueto preemptionsto befac-
toredinto thestandardequationsfor calculatingtheworst
caseresponsetime of any task,but they achieved thatby
consideringthemaximumnumberof preemptionsinstead
of theexactnumber. JuanEchag̈ue,I. Ripoll andA. Cre-
spoalso tried to solve the problemof the exact number
of preemptionsin [12] by constructingthescheduleusing
idle timesandcountingthenumberof preemptions.But,
they did not really determinethe executionoverheadin-
curredby the systemdueto thesepreemptions.Indeed,
they did not take into accountthecostof eachpreemption
during the analysis. Hence,this amountsto considering
only theminimumnumberof preemptionsbecausesome
preemptionsarenot considered:thosedueto theincrease
in the executiontime of the task becauseof the cost of



preemptionsthemselves.
In this paper, we �rst show that thecritical instant[3]

doesnotoccurwhenall tasksarereleasedsimultaneously
if we considerthecostof thepreemptionduringtheanal-
ysis. Second,we proposea new schedulingalgorithm
which countsthe exact numberof preemptionsof each
instancefor all tasks. Finally, we proposea new and
strongerschedulabilitycondition than Liu & Layland's
condition,which takesinto accounttheexactcostdueto
preemptionin theschedulabilityanalysis.Thisnew condi-
tion alwaysguaranteesa correctexecutionandeliminates
any wasteof resourcessincenomarginsarenecessary.

We assumethat tasksare scheduledby using Liu &
Layland'spioneeringmodelaccordingto RateMonotonic
Analysis(RMA) [3, 13]. Thatis to say, wearein the�x ed
priority context andthehighest�x ed priority is assigned
to the taskwith the shortestperiod [14, 15]. Whentwo
taskshave thesameperiodthey arescheduledarbitrarily
[16]. Weconsiderasetof n independentperiodicpreemp-
tive taskst i ;1 · i · n. Eachtaskt i is anin�nite sequence
of instances1 t k

i ; k 2 N+ , andis characterizedby aWCET
Ci , not includingtheapproximationof thecostof thepre-
emption,a periodTi , anda releasetime relative to 0, r i .
This meansthat instancescorrespondingto taskt i arere-
leasedat timesr i + kTi , k ¸ 0. The instancereleasedat
time r i + kTi hasr i + (k+ 1)Ti asits deadline,i.e. there-
leasetime of thenext instance.We re-index tasksin such
a way thatT1 · T2 · ¢¢¢· Tn. Consequently, t i receives
priority i 2 andwe assumethat tasksarereadyto run at
their releasetimes(idle time is forbiddenin thepresence
of readytasks).

For thesakeof readabilityandwithoutany lossof gen-
erality, from now on, althoughit is not realistic,we con-
sider the costof onepreemptionfor the processorto be
a = 1 timeunit in all theexamples.Thishighcostof pre-
emptionsin termsof the executiontime of tasksis used
to illustratetheimpactof not accountingfor preemptions
correctly.

In addition, it is worth noticing that the analysisper-
formed herewould work even if the preemptioncost is
notaconstant.

The remainderof this paperis structuredas follows:
section2 gives a counterexampleon the critical instant
whenthecostof preemptionis considered.Section3 de-
scribesthe modelandgives the notationsusedthrough-
out thepaper. Section4 providesthede�nitions we need
to take into accountthe exact costof preemptionin the
schedulabilityanalysispresentedin section5. That sec-
tion explains in detail, on the one hand,our scheduling
algorithmwhich countstheexactnumberof preemptions
and,ontheotherhand,derivesthenew schedulabilitycon-
dition. The complexity of our algorithmis discussedin
section6. We concludeandproposefuture work in sec-
tion 7.

1Throughoutthepaperall subscriptsreferto taskswhereasall super-
scriptsreferto instances.

21 representsthehighestpriority.

2 Critical instant

Thecritical instantwhenthecostof thepreemptionis
approximatedwithin the WCET of tasksis suchthat the
releasetimeof the�rst instanceof tasksoccurssimultane-
ously[3], that is to sayr i = 0 for all 1 · i · n. However,
this is not necessarilythe critical instantwhen the cost
of preemptionsis considered,seethecounterexamplede-
pictedin �gure 1 (the“ ¥ ” representsthepreemptioncost).

Tasks r i Ci Ti

t 1 0 2 5
t 2 0 2 8

Figure 1. Schedule under RMA with the cost
of preemption considered, r i = 0

In �gure 1 the responsetime (4 time units) of taskt 2
in its �rst instance(correspondingto thecritical instant)is
shorterthantheresponsetime (5 time units)of its fourth
instance. This is becauset 2 hasbeenpreemptedin the
fourth instanceandthen, the costof the preemptionhas
beenaddedto theWCETwithoutany approximation,and
usedto computetheresponsetime in thatinstance.

If the�rst instancesof all tasksarereleasedsimultane-
ously, thenthis is repeatedevery hyperperiodH, thusas
statedin [3, 1] it is suf�cient to performtheschedulability
analysisin theinterval [0;H]. H is theleastcommonmul-
tiple of theperiodsof thetasks:H = lcmf T1;T2;¢¢¢;Tng.
For this reason,in this paper, we assumethatall tasksare
releasedsimultaneously. Sincethe worst caseresponse
timeof ataskmaynotoccurin the�rst instance(see�gure
1), we considerall instancesof a taskwithin a hyperpe-
riod, andperformtheschedulabilityanalysisonly within
the�rst hyperperiod.

Becausewe intendto take into accountthe exact cost
of the preemption,andbecauseall tasks,exceptthe �rst
one,may be preempted,the proposedtechniquegivesa
schedulabilityconditionfor eachtaskindividually accord-
ing to taskswith higherpriority. Ourschedulingalgorithm
calculatestheexactnumberof preemptionsperinstanceof
every task.This individual analysisleads,at theend,to a
schedulabilityconditionfor all thetasks.

3 Model and Notations

Throughoutthis paper, all timing characteristicsin our
modelareassumedto be non-negative integers,i.e. they



are multiples of someelementarytime interval (for ex-
amplethe“CPU tick”, thesmallestindivisible CPUtime
unit).

Sinceall tasksexcepttheonewith thehighestpriority
maybepreempted,theexecutiontime of a taskmayvary
fromoneinstanceto another. Wecall preemptedexecution
time(PET)theWCET augmentedwith theexactcostdue
to preemptionsfor eachinstanceof a taskwithin a hyper-
period. Thus,thePETdenotedCk

i for instancet k
i of task

t i is greaterthanor equalto its WCETCi . It dependson
the instanceandon the numberof preemptionsoccuring
in thatinstance.Its calculationwill bedetailedbelow.

Thefollowing model(depictedin �gure 2) is anexten-
sion, with the exact cost of preemption,of the classical
model[3] for systemsof tasksexecutedon a singlepro-
cessor.

Figure 2. Model

t i = (Ci ;Ti): A task
Ti : Periodof t i
Ci : WCETof t i not includingthepreemption
approximation,Ci · Ti
a: Temporalcostof onepreemptionfor agivenprocessor
t k

i : Thekth instanceof t i
Np(t k

i ): Exactnumberof preemptionsof t i in t k
i

Ck
i = Ci + Np(t k

i ) ¢a: PETof t i with its preemptioncost
in t k

i
rk
i = (k¡ 1)Ti : Releasetimeof t k

i
Rk

i : Responsetimeof t k
i

Ri : Worst-caseresponsetimeof t i

From the point of view of task t i , since it may
only be preemptedby higher priority tasks, we de�ne
the hyperperiodat level i, Hi , which is given by Hi =
lcmf Tjgt j 2hep(t i ) , wherehep(t i) is the set of taskswith
a priority higherthanor equalto taskt i . Hence,taskt i
is releaseds i timesin eachhyperperiodat level i starting
from 0, with

s i =
Hi

Ti
=

lcmf Tjgt j 2hep(t i )

Ti
(1)

Thetotal utilization factoris usuallygivenby

Un =
n

å
i= 1

Ci

Ti
(2)

Recallthatin (2)Ci doesnot includetheapproximation
of thecostof thepreemptionfor taskt i . If Un > 1 thenthe

tasksetis not schedulablewith any algorithm[17]. Thus,
a setof n tasksmaybeschedulableif andonly if Un · 1
[18, 19]. Indeed,Un canbe lower thanor equalto 1 and
thesystemnotschedulable.

Accordingto thenumberof preemptionsNp(t k
i ) of task

t i = (Ci ;Ti) in eachinstancet k
i , its PETCk

i may be dif-
ferent from one instanceto another, except for the task
with thehighestpriority t 1 whichcanneverbepreempted.
However, becausetaskt i may only be preemptedby the
setof taskswith a priority higherthant i denotedhp(t i)
3, thenthereareexactly s i differentPETsfor taskt i . In
otherwords,from thepoint of view of any taskt i ; 1 ·
i · n, thereexists a function p : N+ £ N+ ¡ ! N+ s i £
N+ , de�ned asp(Ci ;Ti) = p(t i) = ((C1

i ;C2
i ;¢¢¢;Cs i

i );Ti),
whichmapstheWCETCi of taskt i into its respectivePET
Ck

i in eachinstancet k
i . Therefore,eachtaskt i = (Ci ;Ti)

hasan imaget
0

i =
¡
(C1

i ;C2
i ;¢¢¢;Cs i

i );Ti
¢
. Consequently,

wede�ne theexacttotal utilization factor to be

U¤
n =

n

å
i= 1

1
s i

Ã
s i

å
k= 1

Ck
i

Ti

!

= Un +
n

å
i= 1

1
s i

Ã
s i

å
k= 1

Np(t k
i ) ¢a

Ti

!

(3)
Remarkthat if a = 0, thenequation(3) reducesto the

classicaltotal utilization factorUn when the global cost
dueto preemptionis approximatedwithin the WCET of
tasks. Therefore,the global costdueto preemptionsin-
curredby thesystemis

en =
n

å
i= 1

1
s i

Ã
s i

å
k= 1

Np(t k
i ) ¢a

Ti

!

(4)

Now we have to calculateNp(t k
i ) for all k = 1;¢¢¢;s i and

for all i = 1;¢¢¢;n. To do so, let us recall someuseful
algebrathatweneedto achieve thisgoal.

4 De�nitions

For a given set of n tasks,we de�ne the exact total
utilization factorat level j, 1 · j · n to be

U¤
j =

j

å
i= 1

1
s i

Ã
s i

å
k= 1

Ck
i

Ti

!

= U j +
j

å
i= 1

1
s i

Ã
s i

å
k= 1

Np(t k
i ) ¢a

Ti

!

(5)
It is worth noticing that sincewe arein a �x ed prior-

ity context, andthuswe carry out the schedulefrom the
highestpriority tasktowardslower priority tasks,thento
every instancet k

i of a task t i = (Ci ;Ti) is associatedan
orderedsetof Ti time units wheresomearealreadyex-
ecutedbecauseof theexecutionof a higherpriority task,
andtheothersarestill availablefor theexecutionof taskt i
in that instance.We call this orderedsetwhich describes
the stateof eachinstancet k

i a Ti-mesoid. We denotea
time unit alreadyexecutedby an“e” anda time unit still
availableby an “a”. Obviously, the switch from an a to
ane representsa preemptionif theWCET of thetaskun-
derconsiderationis strictly greaterthanthecardinalof the

3hp(t i ) is thesetof taskswith apriority higherthantaskt i .



sub-setcorrespondingto the �rst sequenceof a. Accord-
ing to theremainingexecutiontime thissituationmayoc-
curagain. For example,f e;e;e;a;a;a;e;e;a;a;e;a;ag is a
mesoidwherethe�rst 3 time unitshave alreadybeenex-
ecuted,thenext 3 time unitsareavailable,followedagain
by 2 alreadyexecuted,then2 available followed by one
alreadyexecutedand which endswith 2 available. For
thesake of clarity andwithout any lossof generality, we
call a sub-setcorrespondingto a sequenceof consecutive
time units alreadyexecuteda consumption, andwe rep-
resentit by its cardinalinsidebrackets(c), with c 2 N+ .
In addition,we enumeratethesequenceof availabletime
unitsaccordingto thenaturalnumbers.This enumeration
is donefrom the endof the �rst sequenceof time units
alreadyexecutedin that instance. Eachof thesenatural
numberscorrespondsto thenumberof availabletimeunits
sincetheendof the�rst consumption.They representall
the possiblePETsof the taskunderconsiderationin the
correspondinginstance. Eachof thesenaturalnumbers
is called an availability. Thus, the previous 13-mesoid
canbere-writenas: f (3);1;2;3; (2);4;5; (1);6;7g. It has
threeconsumptions3, 2, 1, andseven availabilities 1, 2,
3, 4, 5, 6, 7. If the PET of the taskunderconsideration
is equalto 6 thentherearetwo preemptions.Notice that
thesumof all theconsumptionsof amesoidandthehigh-
estavailability in thatmesoid,is equalto theperiodof the
taskunderconsideration.Fromthepoint of view of task
t i = (Ci ;Ti), thereareasmany Ti-mesoidsasinstancesin
the hyperperiodHi at level i, becausetask t i may only
be preemptedby tasksin hp(t i). Therefore,there are
s i Ti-mesoidsin Hi which will form a sequenceof Ti-

mesoids.We call Lb
i =

n
M b;1

i ;M b;2
i ;¢¢¢;M b;s i

i

o
these-

quenceof s i Ti-mesoidsbeforet i is scheduled.For exam-
ple,Lb

i = ff (5);1;2;3; (2);4g; f 1;2; (3);3;4; (3);5gg is a
sequenceof s i = 2 11-mesoids.Theprocessfor building
thesequenceLb

i of taskt i will bedetailedlateron in this
paper.

Still, from the point of view of task t i , we de�ne for
eachmesoidM b;k

i ;1 · k · s i of thesequenceLb
i thecor-

respondinguniverse Xk
i of t i to be the set which con-

sists of all the availabilities of M b;k
i . That is to say,

all the possiblevaluesthat Ck
i can take in M b;k

i . Re-
call thatCk

i denotesthe PET of t i in t k
i , the kth instance

of t i . For the previous example of a sequenceof 11-
mesoids, M b;2

i = f 1;2; (3);3;4; (3);5g, andthuswe have
X2

i = f 1;2;3;4;5g.
Taskt i will besaidto bepotentiallyschedulableif and

only if
8
><

>:

U¤
i¡ 1 +

Ci

Ti
· 1

Ci 2 Xk
i 8k 2 f 1;¢¢¢;s ig

(6)

The �rst equationof (6) veri�es that the minimum
exact total utilization factor at level i is less than or

equalto 1. Indeed,U¤
i¡ 1 +

Ci

Ti
· U¤

i becauseall WCET

Ci · Ck
i ; 8k ¸ 1, andwhentaskt i is shedulableU¤

i · 1
musthold. Thes i otherequationsverify thatCi belongs
to all theuniverses.

SinceCi 2 f 1;2;¢¢¢;Tig; 81 · i · n, let us de�ne the
following binaryrelationoneachinstance

R : “WCET Cg1 leadsto thesamenumberof preemptions
asWCETCg2”, Cg1;Cg2 2 f 1;2;¢¢¢;Tig

R is clearly an equivalence relation on f 1;2;¢¢¢;Tig
(re�exive, symmetric, transitive). Now, since Xk

i µ
f 1;2;¢¢¢;Tig; 81 · k · s i , thusR is alsoanequivalence
relationon Xk

i ; 81 · k · s i andeachXk
i ;k = 1;¢¢¢;s i to-

getherwith R is a setoid4. From now on, we consider
only the restrictionof R on Xk

i ;k = 1;¢¢¢;s i becauseXk
i

representsall theavailabletimeunitsin instancet k
i .

The equivalenceclassesof eachuniversearethe sub-
setsof availabilities determinedby two consecutive con-
sumptionsin the associatedmesoid. In the remainderof
this paper, we call theseequivalenceclassesthe cells of
theuniverse.Hence,for theabove example,wehave

X1
i : [0]1 = f 1;2;3g and[1]1 = f 4g

X2
i : [0]2 = f 1;2g and[1]2 = f 3;4g and[2]2 = f 5g

wherefor m2 N and1 · k · s i , [m]k denotesthesubset
of Xk

i composedof theavailabilitieswhich arepreempted
m times. Thus,for thepreviousexample,L b

i canalsobe
writtenas

Lb
i = ff (5);

[0]1
z }| {
1;2;3; (2);

[1]1
z}|{

4 g; f

[0]2
z}|{
1;2 ; (3);

[1]2
z}|{
3;4 ; (3);

[2]2
z}|{

5 gg

This meansfor taskt i that its PETCk
i 2 Xk

i , i.e. in its kth

instance,k = 1;2, shouldnotexceed4 in the�rst instance,
and5 in the secondinstanceotherwisetaskt i cannotbe
schedulable.We call La

i =
n

M a;1
i ;M a;2

i ;¢¢¢;M a;s i
i

o
the

sequenceof s i Ti-mesoidsof taskt i after t i is scheduled.
La

i is a functionof Lb
i which itself is a functionof L a

i¡ 1,
bothdetailedasfollows.

We build the sequenceLb
i for task t i by usingan in-

dex z which enumerate,accordingto natural numbers,
the time units in the sequenceL a

i¡ 1 of task t i¡ 1 after
t i¡ 1 is scheduled. This enumerationis done whether
the time units have alreadybeenconsumedor are still
available. z starts from the �rst time unit of the �rst
mesoidM a;1

i¡ 1 towardsthelasttime unit of thelastmesoid
M a;s i¡ 1

i¡ 1 , andthencirclesaroundto the beginning of the

�rst mesoidM a;1
i¡ 1 again. This processof counting is

thus cyclic. Eachtime z = Ti , a Ti-mesoidis obtained
for the sequenceLb

i and then the next Ti-mesoidis ob-
tainedby startingto countagain from the next time unit
to the current one. This processis repeateduntil we
get the s i Ti-mesoidsof Lb

i . Sincetask t 1 is the high-

estpriority task,hep(t 1) = f t 1g andthuss1 =
H1

T1
= 1

4A setoidis asetequippedwith anequivalencerelation.



thanksto equation(1). Moreover, becauseit is never pre-

empted,we have Lb
1 =

n
M b;1

1

o
= ff 1;2;¢¢¢;T1gg and

La
1 =

n
M a;1

1

o
= f f (C1);1;2;¢¢¢;T1 ¡ C1gg.

ThesequenceLa
i is deducedfrom thesequenceL b

i be-
causeall theavailabletimeunitswill havebeenconsumed
up to the responsetime (detailedlater on) within each
mesoidM b;k

i ;k = 1;¢¢¢;s i of taskt i after t i is scheduled.
Notice that theresponsetime in eachmesoiddependson
p for taskt i .

To summarize,for every taskt i , wehave

t i :

8
>><

>>:

Lb
i =

n
M b;1

i ;M b;2
i ;¢¢¢;M b;s i

i

o

La
i =

n
M a;1

i ;M a;2
i ;¢¢¢;M a;s i

i

o

BothLb
i andLa

i consistof a�nite numbers i of Ti-mesoids
in eachsequence.

5 The proposedapproach

In this sectionwe outlineour approachthat leadsto a
new andstrongerschedulabilityconditionthanthecondi-
tion proposedby Liu & Layland[3], JosephandPandya
[20], Lehoczky et al. [5], Audsley et al.[21], etc. in the
sensethat it takesthe costof preemptionaccuratelyinto
accountin theschedulabilityanalysisratherthanusingan
approximation. The intuitive idea behindour approach
usesa systemof arithmeticfor integers,wherenumbers
“wrap around”afterthey havereachedacertainvalue:the
period of the task underconsideration. In other words,
our approachusesa moduloT arithmeticwhereT is the
periodof a task.

5.1 Schedulingof two tasks
Let us motivatethe generalresultof our approachby

consideringthesimplecaseof theschedulingproblemof
two taskst 1 = (C1;T1) and t 2 = (C2;T2), with T1 · T2.
UnderRMA, t 1 is assignedthehigherpriority. This latter
statementimplies that before t 1 is scheduled,its WCET
C1 canpotentiallytakeany valuefrom 1 upto thevalueof

its periodT1, thereforeLb
1 =

n
M b;1

1

o
= f f 1;2;¢¢¢;T1gg.

Sincetask t 1 is never preempted,thusCk
1 = C1; 8k ¸ 1

ands1 = 1 andt
0

1 = p(t 1) = ((C1);T1). In addition,its re-
sponsetime is alsoequalto C1. Hence,after t 1 is sched-
uled, it hasconsumedC1 time units, and thus therere-
mainT1 ¡ C1 availabilitiesin eachof its instances.Conse-
quently, the correspondingT1-mesoidsassociatedto task
t 1 aregivenby

t 1 :

8
>><

>>:

Lb
1 =

n
M b;1

1

o
= f f 1;2;¢¢¢;T1gg

La
1 =

n
M a;1

1

o
= f f (C1);1;2;¢¢¢;T1 ¡ C1gg

Now, thechallengeis to scheduletaskt 2 by takinginto
accountthe exact costof preemptions.Thanksto every-

thing we have presentedup to now, the constructionof

Lb
2 consistsof s2 =

H2

T2
T2-mesoids. Furthermore,these-

quenceLb
2 is built by usingthe index z andenumerating

cyclically the time units in the sequenceL a
1 . The con-

structionof Lb
2 is basedon the intuitive ideaof a modulo

T2 arithmetic. After the constructionof L b
2 , we caneas-

ily determinethe correspondinguniverseXk
2 to eachT2-

mesoidM b;k
2 , k = 1;¢¢¢;s2. Thus,thanksto equation(6),

taskt 2 is potentiallyschedulableif andonly if

8
><

>:

U¤
1 +

C2

T2
· 1

C2 2 Xk
2 8k 2 f 1;¢¢¢;s2g

(7)

We give the following example in order to illustrate
theseconditions. Let us considera set of two taskst 1
andt 2 with T1 = 6, T2 = 8, andC1 = 2,C2 = 3. Wehave

t 1 :

8
<

:

Lb
1 = f M b;1

1 g = ff 1;2;3;4;5;6gg

La
1 = f M a;1

1 g = ff (2);1;2;3;4gg

Sinces2 =
H2

T2
= 3, thuswe derive Lb

2 which consistsof

a sequenceof three8-mesoidsby usingtheindex z asex-
plainedin the previous sectionon the sequenceL a

1 . We
obtain

Lb
2 =

n
M b;1

2 ;M b;2
2 ;M b;3

2

o

= ff (2);1;2;3;4; (2)g; f 1;2;3;4; (2);5;6g;

f 1;2; (2);3;4;5;6gg

For each8-mesoidM b;k
2 ;1 · k · 3, composingLb

2 , we
build the correspondinguniverseXk

2 ;1 · k · 3. These
universesaregivenby

t 2 :

°
°
°
°
°
°

X1
2 = f 1;2;3;4g

X2
2 = f 1;2;3;4;5;6g

X3
2 = f 1;2;3;4;5;6g

Fromtheseuniverses,we deducethat taskt 2 is poten-
tially schedulablebecausefor eachresultinguniverseXk

2 ,
wehave

8
><

>:

U¤
1 +

C2

T2
=

2
6

+
3
8

· 1

3 2 Xk
2 8k 2 f 1;¢¢¢;s2g

Now, thanksto theequivalencerelationR on eachXk
2

for k = 1;¢¢¢;3, thecellsof eachuniversearegivenby

for universeX1
2 : [0]1 = f 1;2;3;4g

for universeX2
2 : [0]2 = f 1;2;3;4g and[1]2 = f 5;6g

for universeX3
2 : [0]3 = f 1;2g and[1]3 = f 3;4;5;6g



wherefor m2 N and1 · k · s2, [m]k denotesthesubset
of Xk

2 composedof theavailabilitieswhich arepreempted
mtimes.Thus,for thisexample,L b

2 canalsobewrittenas

Lb
2 = ff (2);

[0]1
z }| {
1;2;3;4; (2)g; f

[0]2
z }| {
1;2;3;4; (2);

[1]2
z}|{
5;6 g;

f

[0]3
z}|{
1;2 ; (2);

[1]3
z }| {
3;4;5;6gg

Herewehaveall weneedto calculatetheexactnumber
of preemptionsNp(t k

2) andthenthecorrespondingPETCk
2

of taskt 2 in its kth instance,1 · k · s2.
Sincetask t 2 is potentially schedulable(equation(7)

holds), thus, its WCET C2 belongsto oneandonly one
cell [q1]k in eachuniverseXk

2 ;k = 1;¢¢¢;s2 (see�gure 4
wheni = 2) sinceeach(Xk

2 ;R) is a setoid. As such,the
PETCk

2 is different from the actualvalueof the WCET
C2 in the associatedmesoidas soonas task t 2 must be
preemptedat leastonce. This occurswhenC2 2 Xk

2n[0]k

for any k with 1 · k · s2, (see�gure 5 wheni = 2).
In eachuniverseXk

2 ;1 · k · s2, thenumberof preemp-
tions Np(t k

2) andthe PETCk
2 of taskt 2 arecomputedby

usingthefollowing algorithm.
Initialization:

8
>>>>>>><

>>>>>>>:

Ck;1
2 = C2

Bk;1 = C2

qk;1 = q1

Ak;1 =
q1¡ 1

å
m= 0

card([m]k)

rk;1 = Ck;1
2 ¡ Ak;1

For l ¸ 1, wecompute

Bk;l+ 1 =
l

å
j= 1

Ak; j + (rk;l + ql ¢a) (8)

By usingthesameideaasfor a �x ed-pointalgorithm,this
computationstopsassoonaseithertwo consecutive val-
uesof Bk; j ; j ¸ 1, belongto the samecell or thereexists
µ1 ¸ 1 suchthat Bk;µ1 > card(Xk

2). Figure6 wheni = 2
illustratesthesameideaasfor a �x edpoint algorithm.In
this lattercase,taskt 2 is not schedulablebecausethepe-
riod (deadline)of the taskis thusexceeded.Actually, if
Bk;l+ 1 · card(Xk

2), then9ql+ 1 ¸ 0 suchthat

Bk;l+ 1 2 [q1 + ¢¢¢+ ql+ 1]k

If ql+ 1 = 0 thenBk;l+ 1 andBk;l belongto the samecell,
thereforeexpression(9) holdswith µ2 = l + 1 andNp(t k

2)
is givenby (10),elseif ql+ 1 6= 0, thenwecompute

8
>>>>><

>>>>>:

Ck;l+ 1
2 = rk;l + ql ¢a

qk;l+ 1 = ql+ 1

Ak;l+ 1 =
q1+ ¢¢¢+ ql+ 1¡ 1

å
m= q1+ ¢¢¢+ ql

card([m]k)

rk;l+ 1 = Ck;l+ 1 ¡ Ak;l+ 1

andthuswe derive thenext valueof Bk; j . Thealgorithm
is stoppedassoonas

9µ2 ¸ 1 suchthat qµ2 = 0 (9)

andtherefore

Np(t k
2) =

µ2¡ 1

å
j= 1

qk; j (10)

Thanksto equation(10), for eachk = 1;¢¢¢;s2, we com-
putethe PETCk

2 of taskt 2 in Xk
2 , i.e. in its kth instance,

includingits exactpreemptioncost.Figure6 wheni = 2,
in additionto illustratethesameideaasfor a �x edpoint
algorithm,alsoshows the PET of the taskt i in instance
t k

i .
Ck

2 = C2 + Np(t k
2) ¢a (11)

Consequently, theimageof t 2 by functionp is givenby

t
0

2 = p(t 2) =
¡
(C1

2;C2
2;¢¢¢;Cs2

2 );Ti
¢

(12)

The responsetime Rk
2;1 · k · s2 of taskt 2 in its kth

instance,i.e. in the kth T2-mesoidis obtainedby sum-
mingCk

2 with all theconsumptionsappearingbeforeCk
2 in

the correspondingmesoid. Oncethis hasbeendone,the
worst-caseresponsetimeR2 of taskt 2 is givenby

R2 = maxf 1· k· s2g(Rk
2)

ThesequenceLa
2 is deducedfrom sequenceL b

2 by up-
datingthelattersinceall timeunitsupto theresponsetime
have now beenconsumedin every mesoid.Hence,by us-
ing expression(3), theexact total utilization factorof the
CPUis givenby

U¤
2 =

2

å
i= 1

1
s i

Ã
s i

å
k= 1

Ck
i

Ti

!

= U2 +
1
s2

Ã
s2

å
k= 1

Np(t k
2) ¢a

T2

!

(13)
Let us illustrate this result on the previous example.

We still assumea = 1 to be the costof onepreemption
for theprocessorin orderto give a clearindicationof the
impactof thepreemption.WerecallthatC2 = 3, taskt 2 is
potentiallyschedulable,and

Lb
2 = ff (2);

[0]1
z }| {
1;2;3;4; (2)g; f

[0]2
z }| {
1;2;3;4; (2);

[1]2
z}|{
5;6 g;

f

[0]3
z}|{
1;2 ; (2);

[1]3
z }| {
3;4;5;6gg

In both the �rst and seconduniverses,C2 2 [0]k;k =
1;2; thus C1

2 = C2
2 = C2 whereasin the third universe,

C2 2 [1]3. The computationof Np(t 3
2) is summarizedin

thefollowing table.
Fromthesecondcolumnof table1, we getNp(t 3

2) = 1
andthusweobtainC3

2 = 3+ 1¢1= 4. Hence,theimageof
taskt 2 by functionp is givenby t

0

2 = p(t 2) = ((3;3;4);8).

Therefore,U¤
2 =

2
6

+
1
3

µ
3+ 3+ 4

8

¶
= 0:750 whereas



Table 1. computation of Np(t 3
2)

Steps q3;l C3;l
2 A3;l r3;l B3;l

1 1 3 2 1 4
2 0 2 2 0 4

U2 =
2
6

+
3
8

= 0:708. The responsetimes of task t 2 in

eachmesoidthanksto our previous de�nition are given
by

R1
2 = 3+ 2 = 5; R2

2 = 3; andR3
2 = 4+ 2 = 6

Hence,from this approachwe can obviously deduce
theworst-caseresponsetime R2 of taskt 2: R2 = 6. Task
t 2 is schedulableandits responsetime Rk

2;1 · k · s2 in
its kth instance,i.e. in thekth T2-mesoid, is the �rst con-
sumptionin M a;k

2 of sequenceLa
2 . Figure3 depictsthe

scheduleof thisexampletakinginto accounttheexactcost
of preemtion.

For morethantwo tasksnoticethatL a
2 is deducedfrom

Lb
2 by updatingthelatterasfollows.

Lb
2 = ff (2);

[0]1
z }| {
1;2;3;4; (2)g; f

[0]2
z }| {
1;2;3;4; (2);

[1]2
z}|{
5;6 g;

f

[0]3
z}|{
1;2 ; (2);

[1]3
z }| {
3;4;5;6gg

®¶

O²
O²
O²
O²

La
2 = f f (5);1; (2)g; f (3);1; (2);2;3g; f (6);1;2gg

Figure 3. Execution of two tasks follo wing
RMA with exact cost of preemption

5.2 Schedulingof n > 2 tasks
Thestrategy thatwewill adoptin thissectionto calcu-

late both the exact numberof preemptionsandthe PETs
of a given taskin eachof its instancesis the generaliza-
tion to asystemof n > 2 tasksof everythingwehavepre-
sentedin the previous sectionfor the simplecaseof two
tasks. Indeed,the basicidea behindthis approachcon-
sists,for eachtask,in �lling availabilities in eachmesoid
with slices(cardinalof cells)of its PETwhich takesinto
accountthecostof theexactnumberof preemptionsnec-
essaryfor its schedule.Recallthatateachpreemptionoc-
curence,a timeunitsaddto theremainingexecutiontime
of theinstanceof thetaskunderconsideration.

Beforegoing throughour proposedalgorithm,we re-
call the exact total utilization factor at level j, U¤

j , with
1 · j < n,

U¤
j =

j

å
i= 1

1
s i

Ã
s i

å
k= 1

Ck
i

Ti

!

= U j +
j

å
i= 1

1
s i

Ã
s i

å
k= 1

Np(t k
i ) ¢a

Ti

!

(14)
Withoutany lossof generality, weassumethatall tasks

have differentperiods,that is to sayTi < Tj for 1 · i <
j · n. A sub-systemof tasksf t i = (Ci ;Ti)g1· i· p, with
1 · p < n, is saidto bemaximalwhenthetheexact total
utilization factor at level p is smallerthanor equalto 1,
andthe exact total utilization factor at level (p+ 1)th is
strictly largerthan1, thisoccurswhen

U¤
p · 1 and U¤

p+ 1 > 1 (15)

This meansthat thesub-systemf t i = (Ci ;Ti)g1· i· p is
the largestsub-systemschedulableon the processorac-
cordingto RMA.

5.3 Schedulingalgorithm
Weassumethatthe�rst i ¡ 1 taskswith 2 · i · n have

alreadybeenscheduled,andthatweareaboutto schedule
the ith task,i.e. taskt i , which is potentiallyschedulable,
i.e. 8

><

>:

U¤
i¡ 1 +

Ci

Ti
< 1

Ci 2 Xk
i 8k 2 f 1;¢¢¢;s ig

As in the previous sectionfor the constructionof L b
2

using index z on the sequenceL a
1 , the sequenceLb

i of
taskt i is built thanksto index z on thesequenceL a

i¡ 1 of

taskt i¡ 1. ThesequenceLb
i consistsof s i Ti-mesoidsM b;k

i
with k = 1;¢¢¢;s i sincetaskt i mayonly bepreemptedby
tasksbelongingto hp(t i). Therefore,we candetermine
the universesXk

i 8k 2 f 1;¢¢¢;s ig when the sequence
La

i¡ 1 is known. Again, the responsetime Rk
i ;1 · k · s i

of taskt i in its kth instance,i.e. in thekth Ti-mesoidwill
beobtainedby summingCk

i with all consumptionsprior to
Ck

i in thecorrespondingmesoid.Theworst-caseresponse
timeRi of taskt i will begivenby

Ri = maxf 1· k· s ig(Rk
i )

Thisequationleadsusto saythattaskt i will beschedu-
lableif andonly if

Ri · Ti (16)

Again, La
i will be deducedfrom Lb

i by updatingthe
lattersinceall timeunitsupto theresponsetimewill have
beenconsumedin eachmesoid. For the sake of clarity,
notethatwhenupdatingLb

i , whenever therearetwo con-
secutive consumptionsin the samemesoid, this amounts
to consideringonly oneconsumptionwhich is thesumof
the previous consumptions.That is to say that after de-
termining the responsetime of task t i in its kth mesoid,
if M a;k

i = f (c1); (c2);1;2;¢¢¢g, thenthis is equivalent to



M a;k
i = f (c1 + c2);1;2;¢¢¢g without any lossof general-

ity.
Below, wepresentourschedulingalgorithmwhich,for

a given task on the one hand,countsthe exact number
of preemptionsin eachof its instances,andon the other
hand,providesits PETin eachof its instancesin orderto
take thecostof thepreemptioninto accountaccuratelyin
the schedulabilitycondition. It hasthe twelve following
steps. Sincethe highestpriority task,namelytaskt 1, is
neverpreempted,theloopstartsfrom theindex of thesec-
ondhighestpriority task,namelytaskt 2 aswe carryout
thescheduletowardslowerpriority tasks.

1: for i = 2 to n do
2: Computethe numbers i of times that task t i =

(Ci ;Ti) is releasedin thehyperperiodat level i

s i =
Hi

Ti
=

lcmf Tjgt j 2hep(t i )

Ti

RecallthatHi = lcmf T1;T2;¢¢¢;Tig

3: Build thesequenceLb
i of Ti-mesoidsof taskt i be-

fore it is scheduled.This constructionconsistsof
s i Ti-mesoidsM b;k

i with k = 1;¢¢¢;s i , andis based
on a moduloTi arithmeticusingthetheindex z on
thesequenceLa

i¡ 1.

4: For eachTi-mesoidM b;k
i resulting from the pre-

vious step, build the correspondinguniverseXk
i

which is composedof the set of all availabilities
in M b;k

i . Noticethat this setcorrespondsto theset
of all possiblevaluesthatthePETCk

i of taskt i can
take in M b;k

i .

5: Build all the cells for eachuniverseXk
i . A cell of

Xk
i is composedof the subsetof availabilities de-

terminedby two consecutive consumptionsin the
associatedmesoidM b;k

i .

6: Computeboth the exact numberof preemptions
andthePETCk

i of taskt i in eachuniverseXk
i ;1 ·

k · s i , resultingfrom the previous stepthanksto
the algorithminlined in this step. This algorithm
is necessarybecause,sincet i is potentiallyschedu-
lable, i.e. its WCET Ci belongsto one and only
onecell [q1]k in eachuniverseXk

i (see�gure 4), we
mustverify thatit is actuallyschedulable.

Figure 4. task t i potentiall y schedulab le

We initialize
8
>>>>>>><

>>>>>>>:

Ck;1
i = Ci

Bk;1 = Ci

qk;1 = q1

Ak;1 =
q1¡ 1

å
m= 0

card([m]k)

rk;1 = Ck;1
i ¡ Ak;1

For l ¸ 1, wecompute

Bk;l+ 1 =
l

å
j= 1

Ak; j + (rk;l + ql ¢a) (17)

By usingthesameideaasthatof a �x ed-pointal-
gorithm, this computationstopsas soonas either
two consecutivevaluesof Bk; j ; j ¸ 1, belongto the
samecell or thereexists µ1 ¸ 1 suchthat Bk;µ1 >
card(Xk

i ). In thelattercase,taskt i is notschedula-
blebecausethedeadlinehasbeenexceeded.
Actually, if Bk;l+ 1 · card(Xk

i ), then9ql+ 1 ¸ 0 such
that

Bk;l+ 1 2 [q1 + ¢¢¢+ ql+ 1]k

If ql+ 1 = 0 thenBk;l+ 1 andBk;l belongto thesame
cell, thenexpression(18)holdswith µ2 = l + 1 and
Np(t k

i ) is givenby (19), elseif ql+ 1 6= 0, we com-
pute

8
>>>>><

>>>>>:

Ck;l+ 1
i = rk;l + ql ¢a

qk;l+ 1 = ql+ 1

Ak;l+ 1 =
q1+ ¢¢¢+ ql+ 1¡ 1

å
m= q1+ ¢¢¢+ ql

card([m]k)

rk;l+ 1 = Ck;l+ 1
i ¡ Ak;l+ 1

andwecomputethenext valueof Bk; j .
Thealgorithmis stoppedassoonas

9µ2 ¸ 1 suchthat qµ2 = 0 (18)

Figure 5. Computation of Ck
i

andtherefore

Np(t k
i ) =

µ2¡ 1

å
j= 1

qk; j (19)



For eachk = 1;¢¢¢;s i , thePETCk
i of taskt i in Xk

i
is givenby

Ck
i = Ci + Np(t k

i ) ¢a (20)

Figure 6. PET of task t i in instance t k
i : Ck

i

7: Deduce the image t
0

i = p(t i) =
(
¡
C1

i ;C2
i ;¢¢¢;Cs i

i

¢
;Ti) of taskt i resultingfrom the

previousstep.

8: Determinetheresponsetime Rk
i ;1 · k · s i of task

t i in its kth instance,i.e. in thekth Ti-mesoid. Thisis
obtainedby summingCk

i andall theconsumptions
prior to Ck

i in the correspondingmesoid. Deduce
theworst-caseresponsetimeRi of taskt i .

Ri = maxf 1· k· s ig(Rk
i )

It is worthnoticingthattaskt i is schedulableif and
only if

Ri · Ti :

9: Build the sequenceLa
i by updating all the Ti-

mesoidsof thesequenceLb
i .

10: Computethe exact total utilization load factor at
level i. Thatis to say

U¤
i =

i

å
j= 1

1
s j

Ã
s j

å
k= 1

Ck
j

Tj

!

= Ui +
i

å
j= 1

1
s j

Ã
s j

å
k= 1

Np(t k
j ) ¢a

Tj

!

:

11: If U¤
i · 1 thenincrementi, andgobackto step2 as

long asthereremainpotentiallyschedulabletasks
in thesystem.

12: If U¤
i > 1, then the sub-system f t j =

(Cj ;Tj )g1· j· i¡ 1 was already maximal. In
this case, the systemf t i = (Ci ;Ti)g1· i· n is not
schedulable.

13: end for
Thanksto the above algorithm, a necessaryand suf-

�cient schedulabilitycondition for a systemof n tasks

f t i = (Ci ;Ti)g1· i· n, all releasedat the sametime and
scheduledaccordingto RMA, which takes the cost due
to preemptionaccuratelyinto accountis givenby

U¤
n =

n

å
i= 1

1
s i

Ã
s i

å
k= 1

Ck
i

Ti

!

= Un+
n

å
i= 1

1
s i

Ã
s i

å
k= 1

Np(t k
i ) ¢a

Ti

!

· 1

(21)

Example

Still with the sameassumptionthat a = 1 let us con-
siderf t 1, t 2, t 3, t 4g to bea systemof four taskswith the
characteristicsde�ned in table2.

Table 2. Characteristics of example 4
Ci Ti

t 1 2 6
t 2 3 10
t 3 2 15
t 4 3 30

According to RMA, the lower the index of a task is,
the higherits priority is. Thus,asdepictedin table2, t 1
hasthehighestpriority andtaskt 4 hasthelowestpriority.
Thanksto ourschedulingalgorithm,

s1 = 1, thusfor taskt 1

t 1 :

8
>>>>>>>><

>>>>>>>>:

Lb
1 =

n
M b;1

1

o
= ff

[0]1
z }| {
1;2;3;4;5;6gg

t 1 = (2;6) 7¡! t
0

1 = ((2);6)

La
1 =

n
M a;1

1

o
= ff (2);1;2;3;4gg

s2 = 3, thusfor taskt 2

t 2 :

8
>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>:

Lb
2 =

n
M b;1

2 ;M b;2
2 ;M b;3

2

o

= ff (2),

[0]1
z }| {
1;2;3;4; (2);

[1]1
z}|{
5;6 g;

f

[0]2
z}|{
1;2 ; (2);

[1]2
z }| {
3;4;5;6; (2)g;

f

[0]3
z }| {
1;2;3;4; (2);

[1]3
z }| {
5;6;7;8gg

t 2 = (3;10) 7¡! t
0

2 = ((3;4;3);6)

La
2 =

n
M a;1

2 ;M a;2
2 ;M a;3

2

o

= ff (5), 1, (2), 2, 3g, f (6), 1, 2, (2)g,
f (3), 1, (2), 2, 3, 4, 5gg



s3 = 2, thusfor taskt 3

t 3 :

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

Lb
3 =

n
M b;1

3 ;M b;2
3

o

= ff (5),

[0]1
z}|{

1 ; (2);

[1]1
z}|{
2;3 ; (5)g;

f (1),

[0]2
z}|{
1;2 ; (5);

[1]2
z}|{

3 ; (2);

[2]2
z }| {
4;5;6;7gg

t 3 = (2;15) 7¡! t
0

3 = ((3;2);15)

La
3 =

n
M a;1

3 ;M a;2
3

o

= f f (15)g; f (8);1; (2);2;3;4;5gg

s4 = 1, thusfor taskt 4

t 4 :

8
>>>>>>>><

>>>>>>>>:

Lb
4 =

n
M b;1

4

o
= ff (23);

[0]1
z}|{

1 ; (2);

[1]1
z }| {
2;3;4;5gg

t 4 = (3;30) 7¡! t
0

4 = ((4);30)

La
4 =

n
M a;1

4

o
= f f (29);1gg

Therefore

U¤
4 =

2
6

+
1
3

µ
3+ 4+ 3

10

¶
+

1
2

µ
3+ 2
15

¶
+

4
30

= 0:967

whereas

U4 =
2
6

+
3
10

+
2
15

+
3
30

= 0:867

Thescheduleof this tasksetfollowing RMA with thecost
of preemptionconsideredis depictedin �gure 7.

Figure 7. Execution of a task set by follo w-
ing RMA and considering the exact cost of
preemption

whereasthe scheduleof the samesetof tasksfollowing
RMA without thecostof preemptionis depictedin �gure
8.

6 Complexity of the proposedschedulingal-
gorithm

For everytask,theschedulabilityanalysisis performed
only once. In this analysiswe walk throughthe iteration

Figure 8. Execution of a task set by follo w-
ing RMA with the cost of preemption ap-
proximated

spacein order to calculatethe numberand positionsof
availabletime units. Hence,thetime andspacecomplex-
ity for every task is O(m0), wherem0 is the numberof
timeunitsin thesequenceof mesoidsof eachtask.

To calculatethePETof ataskt i whichincludestheex-
actcostof preemptionwithin agiveninstancet k

i , thecom-
plexity of ouralgorithmisO

¡
s i ¢shp ¢m0

¢
, wheres i is the

numberof instancesof thecurrenttaskin ahyperperiodat

level i, andshp =
i¡ 1

å
j= 1

s j is thenumberof higherpriority

instancesin a hyperperiodat level i. This complexity is
explainedasfollows. Our analysisis a per instanceanal-
ysis,andhenceincludesthe factors i for every task. For
eachinstance,we needto calculatethe exact numberof
preemptionsand the PET which includesthe exact cost
of thesepreemptions.To calculatethe exact numberof
preemptions,we needto partition every instance.Since
thenumberof potentialpreemptionoccurencesis equalto
thenumberof higherpriority instanceswithin thehyper-
periodat level i, the factorshp is included.Althoughthe
complexity of the calculationof a PET addsa factorm0
to thecomplexity, it is actuallya small numbersincethe
rangeof availabletimeunitsor availabilitiesbetweentwo
consecutive consumptionsis limited by the largestone.
However, it is worthnoticingthatwhentheperiodsof the
tasksformanharmonicsequence,thetimeandspacecom-
plexity of ouralgorithmis O(n), wheren is thenumberof
tasksin thetaskset.

7 Conclusionand futur ework

This papermakesthreemain contributions. First, we
giveacounterexampleonthecritical instantwhenthecost
of preemptionis considered.Second,we presenta tech-
niquewhich countstheexactnumberof preemptionsfor
every intanceof the taskunderconsiderationin a given
task set. Finally, we provide an RMA extensionwhich
takesinto accounttheexactcostdueto preemptionin the
schedulabilityanalysisrather than using an approxima-
tion. This techniqueprovidesa new andstrongerschedu-
labily conditionsinceno marginsarenecessary. Further-



more,thisnew conditionalwaysguaranteesacorrectexe-
cutionof thesystemandeliminatesthewasteof resources.

Futurework will studythecasewherethedeadlineof
a taskis smallerthanits period.
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