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Abstract

In this paper we study hard real-time systemscom-
posedof independenperiodic preemptiveaskswhere we
assumehattasksare scheduledby usingLiu & Layland's
pioneeringmodelfollowing the Rate Monotonic Analy-
sis (RMA). For sut systemsthe designermustguaran-
teethat all the deadlinesof all the tasksare met, other
wisedramaticconsequencesccur Certainly, guarantee-
ing deadlinesis not alwaysachievable becausehe pre-
emptionis approximatedwhen using this analysis,and
this approximation may lead to a wrong real-time exe-
cutionwhereasthe schedulabilityanalysisconcludedhat
the systemwas schedulable To copewith this problem
the designemusuallyallows mamgins which are dif cult to
assessandthusin anycaseleadto a wasteof resouces.
This papermalesmultiple contributions. Fir st, we show
that, whenconsideringthe costof the preemptionduring
the analysis,the critical instantdoesnot occur uponsi-
multaneousreleaseof all tasks. Second,we provide a
techniguewhich countsthe exact numberof preemptions
of eadh instancefor all the tasksof a given system. Fi-
nally, we presentan RMA extensionwhich takesinto ac-
countthe exactcostdueto preemptiorin the schedulabil-
ity analysisrather than an approximation,thusyielding
a new and stronger schedulability conditionwhich elimi-
natesthe wasteof resoucessincemarmins are not neces-
sary.

1 Intr oduction

This paperdealswith the problemof executinghard
real-time systemsfound in the domainsof automaobiles,
air traf c control, processcontrol, telecommunications,
etc, on a single processar Such systemsoften consist
of independenperiodic preemptie tasksthat mustmeet
their deadlinesin orderto avoid the occurrenceof dra-
matic consequenced, 2]. Certainly guaranteeinglead-
lines cannotalways be achiered becausehe scheduling
of thetasksis basedntheassumptiorthatthe costof the
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preemptioris approximatedvithin the worst caseexecu-
tion time (WCET) of tasks[3, 4, 5]. In fact, this approx-
imation may be wrong becauset is dif cult to countthe
exactnumberof preemption®f eachinstanceor a given
taskeventhoughthe costa of onepreemptions easyto
know for a given processar Actually, this costa repre-
sentsthe context switchingtime thatthe processoneeds
whena preemptionoccurs. The contet switch includes
the storageof the context aswell astherestoratiorof the
contet. Sincewe areinterestedn embeddedystemsve
only considerpredictableprocessorsithout a cacheor
compl internal architecture(e.g. ARM2, etc.) [6, 7].
Therefore this approximationmay leadto a wrong real-
time executionwhereasthe schedulabilityanalysiscon-
cludedthatthe systemwasschedulableTo copewith this
problemthe designerusually allows magins which are
dif cult to assessandwhichin ary caseleadto a waste
of resourcesincethe worst caseresponsdime is larger
thanthe WCET whenaninstanceof a taskhasbeenpre-
empted[8, 9]. Notethatthe worst-casaesponsdime of
ataskis the longesttime it takes,amongall instanceof
that task, to executeeachinstancefrom its releasetime
[10]. Therehave beenvery few studiesaddressinghisis-
sueof countingthe exactnumberof preemptionsAmong
them,the mostrelevantonesarethefollowing. A. Burns,
K. Tindell andA. Wellingsin [11] presentedan analysis
thatenableghe global costdueto preemptiongo be fac-
toredinto the standardequationdor calculatingthe worst
caseresponsdime of ary task,but they achieved thatby
consideringhe maximumnumberof preemptionsnstead
of theexactnumber JuanEchagie, . Ripoll andA. Cre-
spoalsotried to solve the problemof the exact number
of preemptionsn [12] by constructinghe schedulausing
idle timesandcountingthe numberof preemptions But,
they did not really determinethe executionoverheadin-
curredby the systemdueto thesepreemptions.Indeed,
they did nottake into accounthe costof eachpreemption
during the analysis. Hence,this amountsto considering
only the minimum numberof preemptiondecausesome
preemptionsrenot consideredthosedueto theincrease
in the executiontime of the task becauseof the cost of



preemptionghemseles.

In this paper we rst shav thatthe critical instant[3]
doesnotoccurwhenall tasksarereleasedimultaneously
if we considerthe costof the preemptiorduringtheanal-
ysis. Second,we proposea nev schedulingalgorithm
which countsthe exact numberof preemptionsof each
instancefor all tasks. Finally, we proposea nenv and
strongerschedulabilitycondition than Liu & Layland’s
condition,which takesinto accountthe exact costdueto
preemptionn theschedulabilityanalysis.Thisnew condi-
tion alwaysguaranteea correctexecutionandeliminates
ary wasteof resourcesinceno mamginsarenecessary

We assumethat tasksare scheduledby using Liu &
Layland’s pioneeringnodelaccordingo RateMonotonic
Analysis(RMA) [3, 13]. Thatis to say wearein the x ed
priority context andthe highest x ed priority is assigned
to the task with the shortestperiod[14, 15. Whentwo
taskshave the sameperiodthey are scheduledarbitrarily
[16]. We considerasetof nindependenperiodicpreemp-
tivetaskstj;1- i n. Eachtaskt; isanin nite sequence
of instances tX; k2 N*, andis characterizetty aWCET
Gi, notincludingthe approximatiorof the costof the pre-
emption,a periodTj, anda releasetime relative to O, r;.
This meanghatinstancesorrespondingdo taskt; arere-
leasedat timesr; + KkT;, k, 0. Theinstancereleasedt
timer; + KT; hasr; + (k+ 1)T; asits deadline,.e. there-
leasetime of the next instance We re-index tasksin such
awaythatT; - T, - @¢- T, Consequentlyt; receves
priority i 2 andwe assumehat tasksare readyto run at
their releasdimes(idle time is forbiddenin the presence
of readytasks).

For thesale of readabilityandwithout ary lossof gen-
erality, from now on, althoughit is not realistic,we con-
siderthe costof one preemptionfor the processoto be
a = 1ltimeunitin all theexamples.This high costof pre-
emptionsin termsof the executiontime of tasksis used
to illustratetheimpactof not accountingor preemptions
correctly

In addition, it is worth noticing that the analysisper
formed herewould work even if the preemptioncostis
notaconstant.

The remainderof this paperis structuredas follows:
section2 gives a counter@ample on the critical instant
whenthe costof preemptionis considered Section3 de-
scribesthe modeland gives the notationsusedthrough-
out the paper Section4 providesthe de nitions we need
to take into accountthe exact costof preemptionin the
schedulabilityanalysispresentedn section5. That sec-
tion explainsin detail, on the one hand, our scheduling
algorithmwhich countsthe exactnumberof preemptions
and,ontheotherhand,derivesthenew schedulabilitycon-
dition. The complity of our algorithmis discussedn
section6. We concludeand proposefuture work in sec-
tion7.

IThroughouthe paperall subscriptseferto taskswhereasall super
scriptsreferto instances.
21 representshe highestpriority.

2 Critical instant

The critical instantwhenthe costof the preemptions
approximatedvithin the WCET of tasksis suchthatthe
releasdime of the rst instanceof tasksoccurssimultane-
ously[3], thatistosayrj= Oforall1- i- n. However,
this is not necessarilythe critical instantwhen the cost
of preemptionss consideredseethe countergamplede-

pictedin gure 1 (the“«” representshe preemptiorcost).

Tasks| ri | G | T
t1 0| 2|5
to 0| 2| 8

Figure 1. Schedule under RMA with the cost
of preemption considered, r;=0

In gure 1theresponsdime (4 time units) of taskt»
inits rst instancgcorrespondingo thecritical instant)is
shorterthanthe responseime (5 time units) of its fourth
instance. This is becausd ; hasbeenpreemptedn the
fourth instanceand then, the costof the preemptionhas
beenaddedo the WCET without ary approximationand
usedto computetheresponsgimein thatinstance.

If the rst instance®f all tasksarereleasedgimultane-
ously, thenthis is repeatedevery hyperperiodH, thusas
statedn [3, 1] it is sufcient to performtheschedulability
analysisin theinterval [0; H]. H is theleastcommonmul-
tiple of the periodsof thetasks:H = Icnf Ty; To; 0¢; Thg.
For thisreasonijn this paperwe assumehatall tasksare
releasedsimultaneously Sincethe worst caseresponse
time of ataskmaynotoccurin the rst instanceseegure
1), we considerall instanceof a taskwithin a hyperpe-
riod, and performthe schedulabilityanalysisonly within
the rst hyperperiod.

Becausewe intendto take into accountthe exact cost
of the preemptionandbecausall tasks,exceptthe rst
one, may be preemptedthe proposedechniquegives a
schedulabilityconditionfor eachtaskindividually accord-
ing to taskswith higherpriority. Ourschedulingalgorithm
calculatesheexactnumberof preemptionperinstanceof
every task. This individual analysideads,attheend,to a
schedulabilityconditionfor all thetasks.

3 Model and Notations

Throughouthis paper all timing characteristicén our
modelareassumedo be non-ngative integers,i.e. they



are multiples of someelementarytime interval (for ex-
amplethe “CPU tick”, the smallestindivisible CPUtime
unit).

Sinceall tasksexceptthe onewith the highestpriority
may be preemptedthe executiontime of ataskmayvary
from oneinstanceo another We call preempteaxecution
time (PET)the WCET augmenteavith the exactcostdue
to preemptiondor eachinstanceof ataskwithin a hyper
period. Thus,the PET denotedCK for instancet X of task
tj is greaterthanor equalto its WCET C;. It dependon
the instanceand on the numberof preemptionccuring
in thatinstance lts calculationwill bedetailedbelow.

Thefollowing model(depictedn gure 2) is anexten-
sion, with the exact cost of preemption,of the classical
model[3] for systemsf tasksexecutedon a single pro-
cessar

Task 7,

Instance k+1

Instance k

Figure 2. Model

ti = (G;T): Atask

Ti: Periodof t;

Ci: WCET of t; notincludingthe preemption
approximationC; - T;

a. Temporalcostof onepreemptiorfor a givenprocessor
tk: Thek!M instanceof t;

Np(t¥): Exactnumberof preemptionsf t; in tk

C = Ci+ Np(t¥) ¢a: PETof t; with its preemptiorcost
int;

rk= (ki 1)Ti: Releasdime of tk

R¢: Responsgime of tk

R: Worst-caseesponsé¢ime of t;

From the point of view of task tj, since it may
only be preemptedby higher priority tasks,we de ne
the hyperperiodat level i, H;j, which is given by H; =
lenf TiGt,2nep(t)): wherehep(t;) is the setof taskswith
a priority higherthanor equalto taskt;. Hence,taskt;
is releaseds; timesin eachhyperperiodat level i starting
from O, with

H; len Tjgtjzhep(ti)

SiTT T 1 (1)

Thetotal utilization factoris usuallygiven by

Un:

G
T ()

|| Qo5

Recallthatin (2) C; doesnotincludetheapproximation
of thecostof thepreemptiorfor taskt;. If U, > 1thenthe

tasksetis not schedulablevith ary algorithm[17]. Thus,
a setof n tasksmay be schedulableif andonly if U, - 1
[18, 19]. Indeed,U, canbelower thanor equalto 1 and
thesystemnot schedulable.

Accordingto thenumberof preemptiondNp(t }‘) of task
ti = (Ci;Ti) in eachinstancetk, its PET CK may be dif-
ferentfrom one instanceto anothey exceptfor the task
with thehighestpriority t ; whichcanneverbepreempted.
However, becausdaskt; may only be preemptedy the
setof taskswith a priority higherthant; denotedhp(t;)
3, thenthereareexactly s; differentPETsfor taskt;. In
otherwords,from the point of view of ary taskt;; 1-

i - n, thereexists a functionp : N* £ N* j! N*3 £

N*, de ned asp(Ci;Ti) = p(ti) = ((G;CZ; 00¢;C7'); Th),

whichmapstheWCETC; of taskt; intoits respect're PET
Ck in eachlnstancak Therefore eacl&taskt. = (C;T)

hasanimaget; = (Cl C?;¢0¢;C>'); Ti . Consequently
we de ne theexacttotal ut|I|zat|on factorto be

A ! A !

e J 1 3 ck &1 3 Np(thca
=a - a =Un+ta < :
i=151 k=1 i=1Si 1 i
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Remarkthatif a = 0, thenequation(3) reducedgo the
classicaltotal utilization factorU, whenthe global cost
dueto preemptionis approximatedvithin the WCET of
tasks. Therefore,the global costdueto preemptionsn-

curredby the systemis
A !
&1 3 Np(thca
e = — L A 4
9 s a T 4)

k=1

Now we have to calculateNy(t) for all k= 1;6d¢;s; and
for all i = 1;¢¢;n. To do so, let us recall someuseful
algebrathatwe needto achieve this goal.

4 De nitions

For a given setof n tasks,we de ne the exact total

utilizationfactoratIevelj,1- j- ntobe
i A . k. i A . ) !
a 1 P C s 1 3 Np(t¥)¢a
uf= é — a I +a— a P\
Poidisi i T i=1Si 1 i

®)
It is worth noticing that sincewe arein a x ed prior-
ity contet, andthuswe carry out the schedulerom the
highestpriority tasktowardslower priority tasks,thento
every instancetik of ataskt; = (G;T;) is associatedn
orderedsetof T; time units wheresomeare alreadyex-
ecutedbecausef the executionof a higherpriority task,
andtheothersarestill availablefor theexecutionof taskt ;
in thatinstance.We call this orderedsetwhich describes
the stateof eachinstancet}‘ a Ti-mesoid We denotea
time unit alreadyexecutedby an“€” anda time unit still
availableby an“a’. Obviously, the switchfrom ana to
ane represents preemptionf the WCET of thetaskun-
derconsideratioris strictly greatetthanthecardinalof the

3hp(t;) is thesetof taskswith a priority higherthantaskt .



sub-setorrespondingdo the rst sequencef a. Accord-
ing to theremainingexecutiontime this situationmay oc-
curagain. Forexample fe e € a;a;a;€ € a;a;€a;agis a
mesoidwherethe rst 3 time unitshave alreadybeenex-
ecutedthenext 3 time unitsareavailable,followedagain
by 2 alreadyexecuted,then 2 availablefollowed by one
alreadyexecutedand which endswith 2 available. For
the sale of clarity andwithout any lossof generality we
call a sub-setorrespondingo a sequenc®f consecutie
time units alreadyexecuteda consumptionand we rep-
resentit by its cardinalinside braclets(c), with c2 N*.
In addition,we enumeratehe sequencef availabletime
unitsaccordingto the naturalnumbers.This enumeration
is donefrom the end of the rst sequencef time units
alreadyexecutedin that instance. Eachof thesenatural
numbergorresponds thenumberof availabletime units
sincetheendof the rst consumption.They represenall
the possiblePETsof the task underconsideratiorin the
correspondingnstance. Eachof thesenaturalnumbers
is called an availability. Thus, the previous 13-mesoid
canbere-writenas: f (3);1;2;3;(2);4;5;(1);6; 7g. It has
threeconsumptions, 2, 1, and seven availabilities 1, 2,
3,4,5,6,7. If the PET of the taskunderconsideration
is equalto 6 thentherearetwo preemptions.Notice that
thesumof all the consumptionef amesoidandthehigh-
estavailability in thatmesoid s equalto the periodof the
taskunderconsideration From the point of view of task
ti = (G T;), thereareasmary Ti-mesoidsasinstancesn
the hyperperiodH; at level i, becausdaskt; may only
be preemptedby tasksin hp(t;). Therefore,thereare
si Ti-mesoidsin H; which will form a sequegceof T;-
mesoidsWecall LP = M.”%;M.P2; ¢tt; MPS the se-
guenceof s; Ti-mesoiddeforet; is scheduledFor exam-
ple,LP = ff (5);1;2:3;(2);49:f1;2;(3);3;4:(3);50gis a
sequencef s; = 2 11-mesoidsThe processor building
thesequencd';ib of taskt; will bedetailedlateronin this
paper

Still, from the point of view of taskt;, we de ne for
eachmesoidMib;k; 1- k- sjof thesequencd';ib thecor-
respondinguniverse >¢< of t; to be the setwhich con-
sists of all the availabilities of Mib;k. That is to say
all the possiblevaluesthat CK can take in M”*. Re-
call thatCK denotesthe PET of t; in tX, the K instance
of t;. For the previous example of a sequenceof 11-
mesoidsM,”? = £ 1;2;(3); 3;4;(3); 59, andthuswe have
X2 =11;2;3;4;59.

Taskt; will besaidto bepotentiallyschedulablef and
only if
&

b
Ti

2 Ui+
S (6)
Ci2 xk 8k2f1,0¢;s;g

The rst equationof (6) veri es that the minimum
exact total utilization factor at level i is less than or

equalto 1. Indeed,U ; + T U becausell WCET
|

G - Cf‘; 8k, 1, andwhentaskt; is shedulabldJ)® - 1
musthold. Thes; otherequationsverify thatC; belongs
to all theuniverses.

SinceC; 2 f1;2;¢¢;Tyg; 81- i- n, letusde ne the
following binaryrelationon eachinstance

R: “WCET Cg, leadsto thesamenumberof preemptions
asWCETCy,", Cqy;Cq, 2 f1;2;00¢; Tig

R is clearly an equvalencerelation on f1;2;¢0¢; Tig
(re exive, symmetric, transitive). Now, since Xi" i
f1;2;0¢; T,g; 81 k- sj, thusR is alsoanequivalence
relationonXk; 81 k- s; andeachXX;k= 1;x;s; to-
getherwith R is a setoid®. From now on, we consider
only the restrictionof R on XKk = 1;0¢;s; becausexX
representsll the availabletime unitsin instancet K.

The equivalenceclassef eachuniversearethe sub-
setsof availabilities determinedoy two consecutie con-
sumptionsin the associatednesoid. In the remainderof
this paper we call theseequivalenceclasseghe cells of
theuniverse.Hence for theabore example,we have

XL: [0 = £1;2;3gand[1]* = f4g
Xiz: [0]2 =f1; 29 and[1]2 =13 4g and[2]2 - f5g

whereform2 N and1- k- s;, [m]¥ denoteghe subset
of )(1-k composedf theavailabilitieswhich arepreempted
m times. Thus, for the previous example,L canalsobe
written as

1

i M M M M B
LP=ff (5);123,(2; 4 af 1,2:(3); 34:(3); 5 gg

This meangdor taskt; thatits PETCK 2 XK, i.e. in its k"

instancek = 1;2, shouldnotexceed4 in the rst instance,
and5 in the secondinstangeotherwisetaskt; canpptbe
schedulableWe call L2=  M.®%; M2 ¢te; M*S  the
sequencef s; Ti-mesoidof taskt; after t; is scheduled.
L2 is afunctionof L whichitself is a functionof L2 ,,

bothdetailedasfollows.

We build the sequencd.P for taskt; by usinganin-
dex z which enumerate accordingto natural numbers,
the time units in the sequenceLi‘"i1 , of taskt;; 1 after
ti; 1 is scheduled. This enumerationis done whether
the time units have alreadybeenconsumedor are still
available. z startsfrom the rst time unit of the rst
mesoidM; 1 towardsthe lasttime unit of the lastmesoid
M; 1", andthencircles aroundto the beginning of the
rst mesoid Mi‘ﬁ again. This processof countingis
thus cyclic. Eachtime z = T;, a Ti-mesoidis obtained
for the sequencd-? and thenthe next Ti-mesoidis ob-
tainedby startingto countagain from the next time unit
to the currentone. This processis repeateduntil we
getthe s; Ti-mesoidsof Lib. Sincetaskt is the high-

estpriority task,hep(t1) = ft1g andthuss; = ? =1
1

“4A setoidis a setequippedwith anequivalencerelation.



thanksto equation(1). Mpreovgy, becauseét is never pre-
empted,we have L? = M = ff 1;2;60¢; T:gg and
n o
L= M = ff(C);12,008T1j Cigg.
Thesequencé? is deducedrom thesequencé P be-

causall theavailabletime unitswill have beenconsumed
up to the responseime (detailedlater on) within each
mesoidMib;k;k: 1; ¢¢¢; s; of taskt; after tj is scheduled.
Notice thatthe responseime in eachmesoiddependon

p for taskt;.
To summarizefor everytaskt;, we have

5 Lib: Mib’l;Mib’z;m;Mib’si
ity n. .0
; Lia — Mia,l; Mia,z; ¢0e: Mia,si
Both Lib andL? consisbf a nite numbers; of T-mesoids

in eachsequence.

5 The proposedapproach

In this sectionwe outline our approactthatleadsto a
new andstrongerschedulabilityconditionthanthe condi-
tion proposedby Liu & Layland[3], Josephand Pandya
[20], Lehoczly etal. [5], Audsley etal.[2]], etc. in the
sensethatit takesthe costof preemptionaccuratelyinto
accounin theschedulabilityanalysisratherthanusingan
approximation. The intuitive idea behind our approach
usesa systemof arithmeticfor integers,wherenumbers
“wrap around”afterthey havereachedicertainvalue:the
period of the task underconsideration. In otherwords,
our approachusesa moduloT arithmeticwhereT is the
periodof atask.

5.1 Schedulingof two tasks
Let us motivate the generalresultof our approachby
consideringhe simple caseof the schedulingproblemof
two taskstq = (Cq;T1) andt, = (Co;To), with T - To.
UnderRMA, t1 is assignedhehigherpriority. This latter
statementmpliesthatbefore t 1 is scheduledijts WCET
C; canpotentiallytake ary vahuefrogy 1 upto thevalueof
its period Ty, thereforeL P = M = £ 1;2; ¢t¢; Tagg.
Sincetaskt is never preemptedthusC‘l‘ =Cy; 8k, 1
ands;=1 andti = p(t1) = ((Cp);T1). In addition,its re-
sponsdime is alsoequalto C;. Hence after t is sched-
uled, it hasconsumedC; time units, and thus therere-
mainT,j C; availabilitiesin eachof its instancesConse-
quently the correspondingl;-mesoidsassociatedo task
t1 aregivenby
8 n o]
3 LP= MY =ff12,00Tugg
t1:

3 [0}

n
La= M2 =ff(Cy);1,2,008; T2 Cigg

Now, thechallengéds to scheduldaskt , by takinginto
accountthe exact costof preemptions.Thanksto every-

thing we have presentedip to now, the constructionof
L? consisteof s, = ?2 T>-mesoids Furthermorethe se-
2

quenceLg is built by usingtheindex z andenumerating
cyclically the time units in the sequencd.2. The con-

structionof LY is basedon theintuitive ideaof a modulo
T, arithmetic. After the constructionof L2, we caneas-
ily determinethe correspondingmiversexg to eachTs,-

mesoiszb;k, k= 1;¢¢; s,. Thus,thanksto equation(6),

taskt is potentiallyschedulablef andonly if

8
2 Uf+%- 1
2
> ()
C22 X¥ 8k2f1;00¢;s,9

We give the following examplein order to illustrate
theseconditions. Let us considera set of two taskst
andt, with Ty = 6, T, = 8,andC; = 2,C, = 3. We have

8 '
< LP=fMMg= ff 1,2;3,4;5,699

t1:,
Lg= M g= ff (2);1,2,3,499

. H . . .
Sinces; = ?2 = 3, thuswe derive L2 which consistsof
2
asequencef three8-mesoiddy usingtheindex z asex-

plainedin the previous sectionon the sequencd_2. We
obtain

L;J - Mzb,l; Mzb,z; Mzb,3
ff (2):12,3,4,(2)g:f1,2,3,4,(2); 5 69;
1,2;(2);3;4;5;699

For each8—mesoidM2b;k;1 . k- 3, composingL?, we

build the corresponding,lniversexg;l - k- 3. These
universesaregivenby
X3=11,2,349g

to:

o X3=11,2;3,4;5;69
° X3=11,2,3,4;5;69

Fromtheseuniverseswe deducehattaskt , is poten-
tially schedulabldecausdor eachresultinguniversexg,
we have

32 Xk 8k2f1;00¢;s,9

Now, thanksto the equivalencerelationR on eachX¥
for k= 1;¢¢; 3, thecellsof eachuniversearegivenby

for universex}: [0]* = f 1;2;3;4g
for universex2: [0]% = f 1;2;3;4g and[1]% = f5;69

for universex3: [0]° = f 1;2g and[1]® = f 3;4;5;69



whereform2 N and1- k- s», [mK denoteghe subset
of Xg composedf theavailabilitieswhich arepreempted
mtimes. Thus,for this example,L? canalsobewritten as

o o [
-} — -} = ZI{
L = ff(2:1234(251234(2; 560
103 e
TSR

f1,2,(2);3;4,5,609

Herewe have all we needto calculateheexactnumber
of preemptiondNp(t5) andthenthecorrespondingETCK
of taskt, in its kM instancel - k- so.

Sincetaskt; is potentially schedulablgequation(7)
holds), thus, its WCET C, belongsto oneandonly one
cell [q1]* in eachuniverseXk;k = 1;¢;s, (see gure 4
wheni = 2) sinceeach(Xé‘; R) is a setoid. As such,the
PET C¥ is differentfrom the actualvalue of the WCET
C, in the associatednesoidas soonastaskt, mustbe
preemptedht leastonce. This occurswhenC, 2 XXn[0]¥
forary kwith1- k- s», (seegure 5wheni = 2).

In eacmniversexé‘; 1- k- s»,thenumberof preemp-
tions Np(t%) andthe PETCY of taskt, arecomputedoy
usingthefollowing algorithm.

Initialization:
8 )
cst=
% B! = C,
qk;l =01

R
g ARL= & card([m)
e
=Gy i A

Forl, 1,wecompute

B*1= § A+ (g + q ¢a) (8)
j=1

By usingthesamedeaasfor a x ed-pointalgorithm,this
computationstopsas soonaseithertwo consecutie val-
uesof B¥I:j . 1, belongto the samecell or thereexists
W, 1 suchthatB<h > card(X¥). Figure6 wheni= 2
illustratesthe sameideaasfor a x edpointalgorithm.In
this latter case taskt 7 is not schedulabldecausehe pe-
riod (deadline)of the taskis thusexceeded.Actually, if
BKI*1. card(XX),then9qi+1, Osuchthat

Bk;|+12 [q1+ OOC+ q|+1]k

If g+1 = 0 thenB*'*1 andBX! belongto the samecell,
thereforeexpression(9) holdswith pp = I+ 1 andNp(t '§)
is givenby (10), elseif qg;+1 6 0, thenwe compute

8 )
C|2<,|+1: et + g Ga
% qk:|+1: qi+1
_ Q1+¢¢‘§Q|+1i 1
E Akl+1 = a cad(m)
M= g+ CeEa)

Ml+e1 = ckil+1 i Akl+1

andthuswe derive the next valueof B%I. Thealgorithm
is stoppedassoonas

92, 1 suchthat gy, =0 (9)
andtherefore
b B ! k:j
Np(t3) = a q¢ (10)

j=1
Thanksto equation(10), for eachk = 1;¢¢; s>, we com-
putethe PETCX of taskt, in X¥, i.e. in its ki instance,
includingits exactpreemptiorcost. Figure6 wheni = 2,
in additionto illustratethe sameideaasfor a x ed point
allgorithm,alsoshoxvs the PET of the taskt; in instance
tk.

Ch= Co+ Np(th) ¢a (11)

Consequentlytheimageof t, by functionp is givenby
i ¢
to= pta) = (CHCH®EC)T  (12)

Theresponsgime RS;1- k- s, of taskt, in its ki
instance,i.e. in the k" T,-mesoidis obtainedby sum-
ming C‘2< with all theconsumptionappearing)eforec'z‘ in
the correspondingnesoid. Oncethis hasbeendone,the
worst-caseesponsgime R, of taskt, is givenby

Ry = Mat1. k. s,9(R5)

Thesequencé 3 is deducedrom sequencé.? by up-
datingthelattersinceall time unitsupto theresponséime
have now beenconsumedn every mesoid.Hence by us-
ing expression(3), the exacttotal utilization factorof the
CPUis givenby

A ! A !
2 Sj k S k
. 1 $d 1 $2 Ny(t%) ¢a
U;=a P a = =Ux+ — a 7’3(1-2)
=151 k=1 i S2 k=1 2

13)
Let us illustrate this result on the previous example.
We still assumea = 1 to be the costof one preemption
for the processoin orderto give a clearindicationof the
impactof thepreemptionWe recallthatCy, = 3, taskt is
potentiallyschedulableand

[01 [02 § 2

2 G | G 41
L = ff(2:1234(251234(2; 560
TG

f 1,2,(2),3;4;5,609

In both the rst and seconduniverses,C, 2 [0]¥;k =
1;2; thusC} = CZ = C, whereasin the third universe,
Cz 2 [1]3. The computationof Np(t3) is summarizedn
thefollowing table.

Fromthesecondcolumnof tablel, we getNy(t3) = 1
andthuswe obtainC3 = 3+ 1¢1= 4. Hence theimageof

taskt 2 by functionp isgi\ﬁnbytgz [ﬁ(tz) = ((3;3;4);8).

+ 3+
Therefore,U; = §+% 3 2 4 - 0:750 whereas




Table 1. computation of Np(t3)

steps| ¢ | C3' | A3 | 1y | B3
1 1 3 2 1 4
2 0 2 2 0 4
2 3 . .
U, = =+ — = 0:708. The responsdimes of taskt, in

eachmesoidthanksto our previous de nition are given
by

RI=3+2=5FRi=3andR3= 4+ 2= 6

Hence,from this approachwe can obviously deduce
theworst-caseesponsdime R, of taskt,: Ry = 6. Task
t, is schedulablendits responsd¢ime R;1- k- sz in
its K" instancej.e. in the ki T,-mesoid is the rst con-
sumptionin M2* of sequencd.2. Figure3 depictsthe
schedulef thisexampletakinginto accountheexactcost
of preemtion.

For morethantwo tasksnoticethatL 3 is deducedrom
Lg by updatingthelatterasfollows.

.
Lp = f(2:1234(201L234/(2;56q
TR

f1,2;(2);3;4,5,699

&

®
L5 =f1(5);1(2)g:f(3);1:(2):239:f(6); 1,299

Figure 3. Execution of two tasks following
RMA with exact cost of preemption

5.2 Schedulingof n> 2 tasks

Thestratgyy thatwe will adoptin this sectionto calcu-
late both the exact numberof preemptionsandthe PETs
of a giventaskin eachof its instanceds the generaliza-
tion to asystemof n> 2 tasksof everythingwe have pre-
sentedn the previous sectionfor the simple caseof two
tasks. Indeed,the basicideabehindthis approachcon-
sists,for eachtask,in lling availabilitiesin eachmesoid
with slices(cardinalof cells) of its PET which takesinto
accounthe costof the exactnumberof preemptionsec-
essanyfor its scheduleRecallthatat eachpreemptioroc-
curencea time unitsaddto the remainingexecutiontime
of theinstanceof thetaskunderconsideration.

Before going throughour proposedalgorithm, we re-
call the exact total utilization factor at level j, Uj“, with
1-j<n,

A k! A ) !

J 1 3 C g 1 3 Np(tFca
u®= é_ a L :Uj+a_ a P\t
Podisi & T i=1Si k21 i

(14)
Withoutary lossof generalitywe assumehatall tasks
have differentperiods,thatisto say Ty < T; for 1 - i<
j + n. A sub-systenof tasksft; = (Ci;T)d1. i. p, with
1. p< n,issaidto be maximalwhenthethe exacttotal
utilization factor at level p is smallerthanor equalto 1,
andthe exacttotal utilization factor at level (p+ 1) is
strictly largerthan1, this occurswhen
Up- 1 and Up > 1 (15)
This meanghatthe sub-systenit; = (Ci;Ti)gs. i. p is
the largest sub-systenschedulableon the processotac-
cordingto RMA.

5.3 Schedulingalgorithm

We assumehatthe rst ij 1taskswith2- i- nhave
alreadybeenscheduledandthatwe areaboutto schedule
theith task,i.e. taskt;, which is potentiallyschedulable,

ie. 8 c
2 U7+ T <1
>

Ci2 XK 8k2f1;w;sig

As in the previous sectionfor the constructionof L2
usingindex z on the sequencd £, the sequenceLib of
taskt; is built thanksto index z on the sequencé-? ; of
tasktj; 1. ThesequenckP consistof s; 'I'i-mesoidsl’\/lib;k
with k= 1; ®¢; s; sincetaskt; mayonly be preemptedy
tasksbelongingto hp(t;). Therefore,we candetermine
the universes)(ik 8k 2 f1;d¢;sig when the sequence
L;”i‘ 1 is known. Again, the responsdime R,!‘;l - k- s
of taskt; in its k! instancej.e. in the k" T;-mesoidwill
beobtainedcby summingﬁik with all consumptiongrior to
Ci" in the correspondingnesoid.Theworst-caseesponse
time R of taskt; will begivenby

R = max. . sig(Rik)

Thisequatioreadsusto saythattaskt; will beschedu-
lableif andonly if
R- T (16)

Again, L2 will be deducedrom Lib by updatingthe
lattersinceall time unitsupto theresponsg¢ime will have
beenconsumedn eachmesoid. For the sale of clarity,
notethatwhenupdatingLib, wheneer therearetwo con-
secutve consumptionsn the samemesoid this amounts
to consideringonly oneconsumptiorwhich is the sumof
the previous consumptions.Thatis to saythat after de-
termining the responseime of taskt; in its k' mesoid,
if M®* = f(cy);(co); 1;2; 000y, thenthis is equivalentto



M® = f(c1+ cp);1; 2; 00ty without ary lossof general-
ity.

Below, we presenbur schedulingalgorithmwhich, for
a given task on the one hand, countsthe exact number
of preemptionsn eachof its instancesandon the other
hand,providesits PETin eachof its instancesn orderto
take the costof the preemptiorinto accountaccuratelyin
the schedulabilitycondition. It hasthe twelve following
steps. Sincethe highestpriority task, namelytaskt 1, is
never preemptedtheloop startsfrom theindex of thesec-
ond highestpriority task,namelytaskt, aswe carry out
the schedulgowardslower priority tasks.

1: fori= 2tondo
2. Computethe numbers; of timesthat taskt; =
(Gi; T) isreleasedn the hyperperiodatlevel i

Hi _ 1emf TG 2nepi)
T T

Sj

RecallthatH; = Icmf Ty; Tp; ¢4¢; Tig

3:  Build thesequencé_ib of Ti-mesoidf taskt; be-
fore it is scheduled.This constructionconsistsof
Si 'I'i-mesoidsi\/lib;k with k= 1;¢d¢; s, andis based
onamoduloT; arithmeticusingthetheindex z on
thesequencé.? ;.

4. For each'l'i-mesoidMib;k resulting from the pre-
vious step, build the correspondingmiversexik
which is composedof the setof all availabilities
in Mib;k. Noticethatthis setcorrespondso the set
of all possiblevaluesthatthe PETCK of taskt; can

takein M;”¥,

5. Build all the cells for eachuniverseXX. A cell of
XK is composedf the subsetof availabilities de-
terminedby two consecutie consumptionsn the
associatednesoidM,”.

6: Computeboth the exact numberof preemptions
andthe PETCK of taskt; in eachuniversex;1 -
k- sj, resultingfrom the previous stepthanksto
the algorithminlined in this step. This algorithm
is necessarpecausesincet; is potentiallyschedu-
lable, i.e. its WCET C; belongsto one and only
onecell [q;]¥ in eachuniverseXX (see gure 4), we
mustverify thatit is actuallyschedulable.

Figure 4. task t; potentiall y schedulab le

We initialize
8 C.k;]': .
% Blk;l - Cl
qk;l =01
ayj 1
% AkL= § card([m])
m=0

— k1. Ak1
Nee= G i A®

Forl , 1,wecompute

|

B¥*1= § A+ (ng+ata)  (17)

j=1
By usingthe sameideaasthatof a x ed-pointal-
gorithm, this computationstopsas soonas either
two consecutie valuesof BXJ; j . 1, belongto the
samecell or thereexists iy , 1 suchthat BKH >
card(xik). In thelattercasetaskt; is notschedula-
ble becaus¢he deadlinehasbeenexceeded.
Actually, if B<'*1. card(XX), then9q+1, Osuch
that
BY* 12 [gp + 00t+ g 1]

If g+1 = 0thenB%'*1 andBX! belongto the same
cell, thenexpression(18) holdswith o = 1+ 1 and
Np(tX) is given by (19), elseif q+1 6 0, we com-
pute

8 .
C_I<,I+1: rk;l + a ta
% gt = g
_ CI1+¢‘H§Q|+11 1
E Akl+1 = a  cad(m)
m= gp + Ceeq

—_ ~kl+1. akl+1
Mel+1= Ci i A%

andwe computethe next valueof BX.
Thealgorithmis stoppedassoonas

942, 1 suchthat oy, =0 (18)

Figure 5. Computation of CK

andtherefore

L S
Np(tl)= & o (19)
=1



For eachk = 1; ¢i¢; s;, thePETCik of taskt; in Xik ft; = (G;Ti)ag1 i n, all releasedat the sametime and
is givenby scheduledaccordingto RMA, which takes the costdue
to preemptioraccuratelyinto accounts givenby

Cl= Ci+ Ny(t}) ta (20) _ .
A ! A !
n1ogick D1 3 Np(tk)ca
Ui=h s A% =urd s &R
i=15i k=1 i i=1Si 1
(21)
Example
Still with the sameassumptiorthata = 1 let us con-
siderfty, to, t3, t40 to beasystemof four taskswith the
characteristicgle ned in table2.
Table 2. Characteristics of example 4
G| T
t1 ] 2 6
Figure 6. PET of task t; in instance tk: CF t, | 3]10
t3 | 2 | 15
_ 0 tg | 3|30
7 Dleduce the ¢ image t; = p(ti) =
(' Chc?;006;,C>' ;) of taskt; resultingfrom the

previousstep. Accordingto RMA, the lower the index of a taskis,

8: Determinetheresponsdime R}‘;l- k- s;oftask the higherits priority is. Thus,asdepictedin table2, t,

t; inits k" instancei.e. in thek!" T,-mesoid Thisis hasthehighestpriority andtaskt 4 hasthelowestpriority.
obtainedby summingCik andall theconsumptions ~ Thanksto our schedulingalgorithm,
prior to Ci" in the correspondingnesoid. Deduce s1 = 1, thusfor taskt
theworst-casgesponsdime R; of taskt;.
1
R = may. k. sg(R) o 2 J__
Lo D1 = ff 1;2;3,4;5,699

It is worth noticingthattaskt; is schedulablé and
only if 0 _ .

R. T %t (26)71 1= (2:6)

0

La= |\/|al = ff (2);1;2;3;499
9:  Build the sequencelL? by updatingall the T;-

mesoidsf thesequencé.P.
s, = 3, thusfor taskt o
10. Computethe exact total utilization load factor at

leveli. Thatis to say

] A ! 8 n o]
Ue= i 1 PC a1 3 Ny(thea = Myt M2 My
é Sj kngi e Sj k?l Tj z_[ﬁl_ 5 ;
= ff (2),1;2;3;4;(2); 5,6
: [02 2
11:  If U7 - 1thenincremeni, andgobackto step2 as ZH{ z_[f]] —{
long asthereremainpotentially schedulabld¢asks f 1,2;(2):3,4,5,6,(2)g;
in the system. , 18 o 2 ° {
122 If U? > 1, then the sub-system ft; = f1234(2) 5,6,7:899
(Cj;Tar. j-i; 1 was already maximal. In o
this case, the systemft; = (Ci;T:)gu. i. n is not t2= (310 71 t,=((343),6)
schedulable. n o
13: endfor - Mza;l;Mza;Z;MzaB
Thanksto the above algorithm, a necessanand suf- = ff (5),1,(2),2,30,f(6),1,2,(2)g,

cient schedulabilitycondition for a systemof n tasks f(3),1,(2),2,3,4,599



s3 = 2, thusfor taskt s

N by g b2
M3 Mg”

f(1), 1,2:(5); 3 (2)456$gg

t3= (215 71 t3=((32);15

n. . ,0
- al.pga
= M;*" Mg

= ff(15g;f(8);1;(2);2;3;4;599

s4 = 1, thusfor taskt 4

8 [ 1 [ 1
b M 2 H
LP= M, —ff (23); 1 ;(2);2;3;4;599
% ts= (3 30 7] ty= ((4:30)
La= Mal = ££(29); 199
Therefore T g
vee 2, 1"3+as3" 1Fse2’ a4 0067
4= 6" 3 10 2 15 30
whereas
Ug= 2,342, 3 0867

6 10 15 30

Theschedulef thistasksetfollowing RMA with thecost
of preemptiorconsidereds depictedn gure 7.

Figure 7. Execution of a task set by follo w-
ing RMA and considering the exact cost of
preemption

whereaghe scheduleof the sameset of tasksfollowing
RMA without the costof preemptionis depictedn gure
8.

6 Complexity of the proposedschedulingal-
gorithm

For everytask,theschedulabilityanalysiss performed
only once. In this analysiswe walk throughthe iteration

8 —
MM
= ff (5), 1;(2);22;3;(5)9;
M M 9§

Figure 8. Execution of a task set by follow-
ing RMA with the cost of preemption ap-
proximated

spacein orderto calculatethe numberand positionsof
availabletime units. Hence thetime andspacecomple-
ity for every taskis O(mg), wheremy is the numberof
time unitsin the sequencef mesoidof eachtask.

To calculatehe PET of ataskt; whichincludestheex-
actcostof preemptiorwithin agiveninstgncet Ik thecom-
plexity of ouralgorithmis O s; @spp 0my , wheres; isthe
numberof instance®f thecurrenttaskin ahyperperiodat

ii 1
level i, andsnpp = é s is the numberof higherpriority
j=1

instancesn a hypérperiodat level i. This compleity is
explainedasfollows. Our analysisis a perinstanceanal-
ysis, andhenceincludesthefactors; for every task. For
eachinstance we needto calculatethe exact numberof
preemptionsand the PET which includesthe exact cost
of thesepreemptions.To calculatethe exact numberof
preemptionsywe needto partition every instance. Since
thenumberof potentialpreemptioroccurencess equalto
the numberof higherpriority instanceswithin the hyper
periodat level i, thefactorspp is included. Althoughthe
complity of the calculationof a PET addsa factormyg
to the complity, it is actuallya small numbersincethe
rangeof availabletime unitsor availabilities betweertwo
consecutie consumptionds limited by the largestone.
However, it is worth noticingthatwhenthe periodsof the
tasksform anharmonicsequencehetime andspacecom-
plexity of ouralgorithmis O(n), wheren is thenumberof
tasksin thetaskset.

7 Conclusionand futur e work

This papermakesthreemain contrikutions. First, we
give acountergampleonthecritical instantwhenthecost
of preemptionis considered.Secondwe presenta tech-
niquewhich countsthe exact numberof preemptiondor
every intanceof the task underconsiderationn a given
task set. Finally, we provide an RMA extensionwhich
takesinto accounthe exactcostdueto preemptionn the
schedulabilityanalysisratherthan using an approxima-
tion. Thistechniqueprovidesa new andstrongerschedu-
labily conditionsinceno mamgins arenecessaryFurther



more,this new conditionalwaysguaranteea correctexe-
cutionof thesystermandeliminateghewasteof resources.

Futurework will studythe casewherethe deadlineof
ataskis smallerthanits period.
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